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1. INTRODUCTION AND PREL IMINARIES  
Recently, some minimax theorems and some loose saddle point and saddle point theorem for 
vector-valued mappings have been considered by Luc and Vargas [3], Tanaka [1,2,5,6], Tan, Yu 
and Yuan [4], Chen [7], Ferro [8,9], Shi and Ling [10], and many others in locally convex space 
or Hausdorff topological vector spaces. 
The purpose of this paper is to establish some minimax theorems and some existence theorems 
of loose saddle and saddle points for vector-valued multifunctions on H-spaces. The results given 
in this paper generalize the corresponding results of Tanaka [1,2], Luc and Vargas [3], and Tan, 
Yu and Yuan [4]. 
DEFINITION 1.1. Let Z be a Hausdorff topological vector space, C be a pointed convex cone 
of Z such that int C 7~ O, and A be a nonempty subset of Z. Then the partial order > on Z 
generated by C is defined by z2 <_ zl, i f  and only i[ zl - z2 E C. z2 < Zl, iT and only iT z2 <_ Zl 
and z2 7 ~ Zl. 
A point zo E A is said to be a minimal point o[ A (e.g., see [1]), iT z - Zo ~ - in t  C for all 
z E A; Zo E A is said to be a maximal  point of  A, if z - Zo ~ int C for all z E A. 
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In the sequel, we denote the set of all minimal (respectively, maximal) points of A by rain A 
(respectively, max A ). 
We need the following fact (e.g., see [I, Remark 5.1, p. 373]). 
LEMMA 1.1. (See [1,11].) Let Z be a Hausdorff topological vector space, C be a closed pointed 
convex cone of Z such that int C ~ @, and A be a nonempty compact subset of Z. Then we have 
1. minA~@andACminA+C;  
2. max A ~ @ and A C max A - C. 
DEFINITION 1.2. Let X and Y be two Hausdorff topological spaces and F : X , 2 Y be a 
multifunction. Then 
1. F is said to be upper semicontinuous (u.s.c. for short), if for any xo E X and for each open 
set U in Y containing F(x0), there is a neighbourhood V of xo in X such that F(x)  C U, 
for all x E V; 
2. F is said to be lower semicontinuous (1.s.c. for short), if for any xo E X and for each 
open set U in Y with F(xo) N U ~ fl, there is a neighborhood V of Xo in X such that 
F(z)  N U ~ 0, for all z E V; 
3. F is said to be continuous if F is u.s.c, and 1.s.c. on X; 
4. F is said to be closed, if the graph of F: graph (F) -- {(x, y) 6 X x Y : Y E F(x)} is 
closed in X × Y. 
LEMMA 1.2. (See [12].) Let X and Y be two Hausdorff topological spaces and F : X ,2  v be 
a multifunction. 
1. If F is u.s.e, and compact-valued, then F is closed. 
2. If Y is compact and F is closed, then F is u.s.c. 
3. If X is compact and F is u.s.c, and compact-valued, then F(X)  = Uxex F (x ) / s  compact. 
DEFINITION 1.3. (See [3].) Let Z be a Hausdorff topological vector space, C a convex cone of Z 
such that int C ~ @ and C ~ Z, and ~ be a function from Z to R. ~ is said to be monotonically 
increasing (respectively, strictly increasing), if for any x, y E Z with x < y (respectively, x < y), 
we have ~(x) < ~(y) (respectively, ~(x) < ~(y)). 
LEMMA 1.3. (See [3].) Let X and Y be two Hausdorff topological spaces, F : X ~ 2 v be a 
u.s.c. (respectively, continuous) compact-valued multifunction, and ~ be a continuous function 
from Y to R, then the composite multifunction ~F : X • ~ 2 R is u.s.c. (respectively, continuous) 
and compact-valued, where ~F(x) = U~ey(x) ~(Y). 
DEFINITION 1.4. (See [13].) A pair (X, {FA}) is called an H-space, if X is a topological space 
and {FA} is a given family of nonempty contractible subsets of X ,  indexed by the finite subsets 
of X such that A C B implies F A C F B. 
Let (X, {FA}) be an H-space. Then 
(1) A subset D of X is said to be H-convex, if for every finite subset A of D, FA C D; 
(2) let F : X ) 2 R be a multifunction. F is said to be H-quasiconvex (respectively, H- 
quasiconcave), if for any A E R, the set 
{x e X : there exists a s E F(x) such that s < A} 
(respectively, {x E X: there exists a s E F(x) such that s > A}) is H-convex. 
The following theorem is a special case of Theorem 2.2 and Corollary 2.3 in [14]. 
THEOREM 1.4. (See [14].) Let X be a compact opological space, (Y, {FB}) be an H-space, and 
T : X ~ 2 Y be a multifunction satisfying the following conditions: 
(i) for each x 6 X,  T(x) is nonempty H-convex; 
(ii) for each y 6 Y, T - l (y )  is open. 
Then there exists a continuous function h : X ~ Y such that for any x E X,  h(x) e T(x). 
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In addition, ff X = Y and X is a compact H-space, and T : X 
satisfying Conditions (i) and (ii), then T has a fixed point in X .  
2 x is a multifunction 
2. EX ISTENCE THEOREMS OF  LOOSE 
SADDLE POINTS AND SADDLE POINTS 
DEFINITION 2.1. Let X and Y be two Hausdorff topological space, Z be a Hausdorff topological 
vector space, C be a closed convex cone of Z with in tC  ~ 0, A C X ,  and B C Y be two 
nonempty subsets, and F : A x B ~ 2 z be a multifunction. A point (x*, y*) E A x B is called 
a loose saddle point o fF  in A x B, if 
F(x* ,  y* )AminF(A ,  y*) ~ 0, 
F(x* ,  y* )AmaxF(x* ,  B) ~ ~, 
(x*, y*) is called a saddle point of F in A x B, if 
F(x*,  y*)A minF(A ,  y*)A maxF(x* ,  B) # 0, 
where F(A,  y*) = UaEA F(a, y*) and F(x*, B) = ~JbeB F(x*, b). 
REMARK 2.1. It is easy to see that every saddle point is a loose saddle point, but the converse 
is in general not true. 
In the sequel, we need the following lemma. 
LEMMA 2.1. (See [4].) Let X be a Hausdorff topological space and f : X , 2 R be a compact- 
valued continuous multifunction. Then the functions x , ~ min f (x)  and x ~ ~ max f (x)  are 
both continuous. 
THEOREM 2.2. Let (X, {FB}) and (Y, {FB}) be two compact Hausdorff H-spaces, Z be a Haus- 
dorff topological vector space, and C be a closed pointed convex cone of Z such that int C # 0. 
Suppose that F : X x Y ~ 2 z is a multifunction and ~ : Z ----* R is a continuous and strictly 
increasing function. I f  the following conditions are satisfied: 
(i) the function ~F : X × Y ~ 2 ~ is continuous and nonempty compact-valued; 
(ii) the function x J ~ ~F(x, y) is H-quasi-convex and the function y ~ ~F(x, y) is 
H-quasiconcave; 
then there exists a loose saddle point of F in X x Y. 
PROOF. Define multifunctions Sn : Y ~ 2 x and Tn :X  ,2  ¥, n -- 1, 2, . . .  by 
Sn(y) = {u  E X : min~F(u, y) < min~F(X,  y) + l } , 
T,~(x) {v  E X : max~F(x,  Y)  1 } = - - < max~E(x,  v) . 
n 
By Condition (i) and point 3 of Lemma 1.2, the set ~F(X, y) and ~F(x, Y)  are both compact, 
therefore, for any x E X and for any y E Y, the sets Sn(y) and T,~(x) are both nonempty. 
By Condition (ii), Sn(y) and Tn(x) are both H-convex for any y E Y and any x E X, 
n -- 1, 2, . . . .  
Next we prove that for any u E X and v E Y, S~i(u),  and T~i(v)  are both open. 
In fact, since 
= {y e e 
= y E Y : min~F(u, y) - min~F(X,  y) < - , 
n 
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and ~F : X x Y ~ 2 a is nonempty compact-valued and continuous, the functions y ~ , 
min~F(X, y) and (u, y), , min~F(u, y) are both continuous. Therefore, the function 
y ,  , min~F(u, y) - min~F(X, y) 
is lower semicontinuous. This implies that S~l(a) is open for each u • X. 
Similarly, we can prove that T~-1 (v) is also open for each v • Y. 
Summing up the above arguments, we have proved that for any x • X and y • Y, Tn(x) and 
Sn(y) are both nonempty H-convex, and s~-l(u) and T~l(v) are both open for each u • X and 
v•Y .  
For each finite subset D of X x Y, let FD = FA x FB, where A is the project of D into X 
and B is the projection of D into Y. Then, (X x Y, (FD)) is an H-space. 
Now we define a multifunction Wn : X x Y ~ 2 x×Y, n = 1,2,. . .  by 
w.(x ,  y) = s . (y)  x T.(x). 
Then for each (x, y) • X x Y, Wn(x, y) is nonempty H-convex. Besides, for each (u, v) • 
X x Y, w~l (u ,  v) -~ T~l(v)  x S~l(u).  Hence, w~l(u ,  v) is open. By Theorem 1.4, there exists 
a (xn, Yn) • X x Y such that 
(xn, Yn) • Wn(xn, Yn) = Sn(yn) x Tn(Xn), n = 1,2, . . . .  
Since xn • Sn(yn) C X and Yn • Tn(xn) C Y,  we have 
and 
1 
min~F(X, yn) > min~F(xn, Yn) - - (2.1) 
n 
1 
max~F(xn,  Y )  - - < max~F(xn, yn). 
n 
Since ~F is compact-valued, there exist sn, tn • ~F(xn, Yn) such that 
sn = min~F(xn, yn), 
tn = max~F(xn, Yn). 
(2.2) 
(2.3) 
From (2.1) and (2.2), we have 
1 
min~F(X, Yn) > sn - - 
n (2.4) 
max~F(xn, Y)  - 1 < tn. 
n 
Since X and Y are compact, without loss of generality, we may assume that xn - -*  x* E X and 
Yn , y* • Y.  On the other hand, by Condition (i) and Lemma 1.2, ~F(X,  Y)  is compact and 
the graph (~F) of ~F is closed. Hence, we may assume that tn ~ t* • R, sn , s* • R. Again 
by Lemma 2.1, the functions: y ~ min~F(X, y) and x ~ , max~F(x,  Y )  are continuous. 
Hence, from (2.3) and (2.4), we have 
s* e ~F(x*, y*), t* • ~F(x*, y*), 
and 
s* < min~F (X, y*), t* _> max~F (x*, Y). 
Therefore, there exist z* and w* E F(x*, y*) such that s* = ~(z*), t* = ~(w*) and 
(z*) ---- min~F (X, y*), 
(w*) = max~F (x*, Y). 
Vector-Valued Multifunctions 105 
Since ~ is strictly increasing, we have 
z* = min F (X, y*), 
w* = maxF(x* ,  Y).  
Therefore, we have 
F(x*, y* )AminF(X ,  y*) ¢0  
and 
F(x*, y* )NmaxF(x* ,  Y)  ¢ 0. 
This implies that F has a loose saddle point in X × Y. This completes the proof. 
REMARK 2.2. Theorem 2.2 generalizes Theorem 3.3 in [3]. 
THEOREM 2.3. Let ( X, {I-'A}) and (Y, {1-'s} ) be two compact Hausdorff H-spaces, Z be a Haus- 
dorff topological vector space, and C be a dosed pointed convex cone such that int C ¢ 0. Let 
f : X x Y ----* Z be a single-valued mapping and ~ : Z ~ R be a continuous trictly increasing 
function such that ( f  : X x Y ~ ~ satisfies Conditions (i) and (ii) in Theorem 2.2. Then there 
exists a saddle point o f f  in X x Y, i.e., there exists a point (x*, y*) E X x Y such that 
f (x*, y*) E min f  (X, y*) rq maxf  (x*, Y). 
3. EX ISTENCE THEOREMS OF  SOLUTIONS 
FOR VECTOR MIN IMAX INEQUAL ITY  
LEMMA 3.1. Let X and Y be two compact Hausdorff topological spaces, Z be a Hausdorff 
topological vector space, and C be a dosed pointed convex cone such that int C -~ 0. 
If F : X x Y ~ 2 Z is a continuous nonempty compact-valued multifunction, then we have 
0 -¢ maxF(x,  Y) C rain U maxF(u,  Y) + C, (3.1) 
uEX 
h)r all x E X, and 
0 ¢ min F(X,  y) C max U min F(X,  v) - C, 
vEY 
for all y E Y. 
PROOF. By Lemma 1.1 and Lemma 1.2, for each x E X and y E Y, 
max F(z,  Y)  7~ 0 and min F(X,  y) 7~ 0. 
(3.2) 
By the assumption, we know that the multifunction y, , F(X,  y) is continuous. Next we prove 
that the multifunction y, , minF(X,  y) is closed. 
In fact, let {y~} be a net in Y such that y~ ~ y E Y, and {z~} be a net in Z such that 
z~ E minF(X ,  ya) and za , z E Z. Since z~ E minF(X,  ya), z~ E F(X ,y~) .  By the 
assumptions that X is compact and F is continuous with compact values, F is closed and the 
graph of F is closed. Now we prove that z E rain F(X,  y). 
Suppose the contrary, i.e., z @ min F(X,  y), then there exists an z* E F(X,  y) such that 
z* - z E - in tC .  (3.3) 
Since Ya ~ Y, z* E F(X,  y) and the multifunction y ~ ~ F(X,  y) is 1.s.c., there exists z~ E 
* z*. Therefore from (3.3), we have F(X ,  ya) such that z~ 
z a - z~ E - in tC ,  
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for sufficiently large a, i.e., za ~ minF(X,  y~) for sufficiently large c~. This contradicts za E 
minF(X,  Ya) for all a. Hence, z E minF(X,  y), i.e., the multifunction y t ~ minF(X,  y) is 
closed. By Lemma 1.2, U~ev minF(X,  y) is compact. Hence, from Lemma 1.1, we have 
UminF(X ,y )  Cmax lUminF(X ,v )} -C ,  
yEY  kvEY  
i.e., 
minF(X ,y )  Cmax lUminF(X ,v )} -C ,  
kvEY  
for all y E Y. By the same way, we can prove that (3.1) is true. This completes the proof. 
REMARK 3.1. Lemma 3.1 is a set-valued generalization of Lemma 5.5 in [1] and Theorem 2.1 
in [2]. 
From Theorem 2.2 and Lemma 3.1, we can obtain the following existence theorem of vector 
minimax inequality for multifunctions. 
THEOREM 3.2. Let (X, {FA}) and (Y, {FB}) be two compact Hausdortf H-spaces and Z be a 
Hausdorff topologicaJ vector space with a dosed pointed convex cone C such that int C ~ 0. Let 
F : X x Y ~ 2 z be a multifunction satisfying the following conditions: 
(i) F is continuous and nonempty compact-valued; 
(ii) there exists a continuous and strictly increasing function ~ : Z ---* R such that the 
multifunction x ~ ~F(x, y) is H-quasiconvex and the multifunction y ~ ~ ~F(x, y) is 
H-quasiconcave. 
Then there exists (~, y) E X x Y such that 
and 
From Theorem 3.2, we can obtain the following vector minimax theorem for vector-valued 
functions. 
THEOREM 3.3. Let X,  Y, and Z be the same as in Theorem 3.2. Let f : X x Y ~ Z be a 
single-valued mapping, g the following conditions are satisfied: 
(i) f is continuous; 
(ii) there exists a continuous and strictly increasing function ~ : Z ----* R such that the function 
x ~ ~ ~f(x, y) is H-quasiconvex and the function y ~ ~f(x, y) is H-quasiconcave. 
Then there exists a (5, ~) E X x Y such that 
I, ~ex I, yeY 
Moreover, there exist zl E min Uxex max f(x, Y) and z2 E max U~ey rain f (X ,  y) such that 
z2 - zl E C. 
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PROOF. It  follows from Theorem 3.2 that  there exists (5, ~) • X x Y such that  
f (~ ,  y) • {min  U maxf (x ,  Y) 
k xEX 
Therefore, there exist 
Zl • min U max f (x ,  Y) ,  
xEx 
z2 • max U min f (X ,  y), 
yEY 
such that  
f (~ ,y )•z l+C and f (5 ,~)•z2-C ,  
i.e., f (~,  y) - zl _> 0 and z2 - f (5 ,  ~) _> 0. Therefore, we have 
z2 - zl _> 0, i.e., z2 - zl • C. 
This completes the proof. 
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